Abstract. We study the torsions in the integral homology of the double loop space of the compact simple Lie groups by determining the higher Bockstein actions on the homology of those spaces through the Bockstein lemma and computing the Bockstein spectral sequence.
Introduction
It is well-known from the Morse theory that the integral homology of the single loop space of any compact simple Lie group is concentrated on even dimensions and of torsion free [1] . However the situation is different when we consider the double loop spaces of compact simple Lie groups. Here we study p-torsions in the integral homology of the double loop space of the compact simple Lie groups.
The main tool of the computation is the Bockstein lemma by which we determine the higher Bockstein actions on the homology of those spaces. The Bockstein spectral sequence is applied to the study of torsions in the integral homology of those spaces.
In this paper we get following results. For classical compact Lie groups, G = SO(n), SU (n), Sp(n) , the order of p-torsions in Ω 
Preliminaries
Consider the short exact sequence of coefficients groups
which induces the exact couple
where ρ is induced by the reduction homomorphism and k is the Bockstein homomorphism in the long exact sequence. From this exact couple we get the homology Bockstein spectral sequence {B By the universal coefficient theorem, the mod p homology has a following splitting: 
with the indeterminacy β
where j is the inclusion from F into E.
Torsions in the classical Lie groups
Let E(x) be the exterior algebra on x and Γ(x) the divided power algebra on x which is free over γ i (x) as a F p -module with product
for 0 ≤ i ≤ n when p = 2, and for 0 ≤ i ≤ n and i + q even when p > 2. They are natural with respect to (n + 1)-loop maps [6] . In particular, we have
If G is a Lie group, G is homotopy equivalent to ΩBG. Hence
In this paper the subscript of the element always denotes the degree of that element unless stated otherwise. First we review the following basic fact.
Lemma 3.1. For any prime p, the order of p-torsions in H
. Now we consider the Bockstein spectral sequence. Then
; F 2 ). By Nishida relation, we have βQ
Since this Bockstein spectral sequence is a spectral sequence of an Hopf algebra, we have E 2 = E(x 2n−1 ). Hence there is no higher differential and
; F 2 ) are all of order 2. Similarly we can show the same result for odd primes p.
We recall the following facts for 2-torsions. Consider the following fibration:
Then from [2] , the corresponding Serre spectral sequence collapses at the E 2 -term and we have the following. 
and 2 annihilates all 2-torsions in H * (Ω Now we turn to p-torsions for an odd prime p. Combining results from [10] and [11] , we have the following theorem. 
(b) Let p be an odd prime, and r and n be integers such that p
We can derive the following results from the above mod p homology of the double loop space of SU (n). 
where p means homotopy equivalence localized at p. Hence by looping twice, we get
Therefore the mod p homology of Ω 2 SO(2n + 1) for an odd prime p is one of direct summands of the mod p homology of Ω 2 SU (2n + 1). Moreover, we have the corresponding mod p homologies:
From the above Harris splitting, we can separate 
Proof. We have
From the knowledge of the rational homology, H * (Ω 2 SO(2n + 2); Q), we can derive that the first differential from x 2i−1 is trivial where
From commutativity between transgressions and homology operations, the Serre spectral sequence converging to H * (Ω 2 SO(2n+2); F p ) collapses at the E 2 -term. Hence we have
and the conclusion follows.
For an odd prime p, we have the following equivalence
which was conjectured by Serre and proved by Harris [7] . Hence we have the following. 
Torsions in the exceptional Lie groups
The exceptional Lie groups when localized at p split as followings [8] : The space B (2n 1 +1, . . . , 2n r +1) is built up from fibrations involving p-local spheres of the indicated dimensions and equivalent to a direct factor of the p-localization of SU (n + p)/SU (n). The space B(2n + 1, 2n + 2p − 1) is equivalent to a direct factor of the p-localization of SU (n + p)/SU (n) and the cohomology of B(2n + 1, 2n + 2p − 1) is
with P 1 x 2n+1 = x 2n+2p−1 . From the above splitting, we get the following results immediately.
From now on we denote H
The cases of [4] and the following homotopy equivalence, (11, 15, 19, 23) .
Proof. We consider the Bockstein spectral sequence converging to
With the first Bockstein differentials, we have E 2 = E(z 1 , z 9 ). Hence there is no higher differential, so that E 2 = E ∞ . So 2 annihilates all 2-torsions in H * (Ω 2 G 2 ; Z). For p odd primes, we also have E 2 = E(z 1 , z 9 ) and E 2 = E ∞ . Note that H * (G 2 ; Q) = E(z 3 , z 11 ). Similar proof works for G = F 4 .
We recall the following theorem in [5] . 
In order to get p-torsions of H * (Ω 
Proof. First we compute H * (ΩB(3, 2p + 1); F p ). In the Eilenberg Moore spectral sequence converging to H * (ΩB(3, 2p + 1); F p ), we have
Then it collapses at the E 2 -term because E 2 is concentrated on even degrees. From the Steenrod operation on x 3 and the Cartan formula, we have (
So the element γ p i (σx 3 ) generates a truncated polynomial algebra of height p 2 and H * (ΩB(3, 2p + 1);
). Now we consider the Eilenberg-Moore spectral sequence converging to H * (Ω 2 B(3, 2p + 1); F p ),
and it collapses at the E 2 -term by bidegree reason. If we consider the Serre spectral sequence corresponding to the fibration Ω 
Hence we have the conclusion. 
